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SAMPLING INEQUALITY FOR L2-NORMS OF EIGENFUNCTIONS,
SPECTRAL PROJECTORS, AND WEYL SEQUENCES OF
SCHRÖDINGER OPERATORS
MARTIN TAUTENHAHN AND IVAN VESELIĆ
Abstract. We consider a Schrödinger operator with bounded, measurable potential in
multidimensional Euclidean space. We prove for every L2-eigenfunction a quantitative
equidistribution estimate. It compares the total L2-norm with the L2-norm over an equidis-
tributed collection of balls. Our estimate is explicit with respect to the radius of the balls,
norm of the potential and the energy of the eigenfunction. Similar estimates also hold for
Weyl sequences and for linear combinations of eigenfunctions, as long as the associated
eigenvalues are sufficiently close.
Let M, δ > 0. We say that a sequence Z = (zk)k∈(MZ)d ⊂ Rd is (M, δ)-equidistributed,
if for all k ∈ (MZ)d we have B(zk, δ) := {x ∈ Rd : |x − zk|2 < δ} ⊂ ΛM (k) := k +
(−M/2,M/2)d . For a (M, δ)-equidistributed sequence Z we set Sδ,Z = ∪k∈(MZ)dB(zk, δ)
and Wδ,Z := χSδ,Z . Note that every (M, δ)-equidistributed set Z is relatively dense (as used
in the context of Delone sets). Conversely, for every relatively dense set X and δ > 0 we
can find a scale M and subset Z ⊂ X such that Z is (M, δ)-equidistributed.
Figure 1. Illustration of Sδ,Z ⊂ R2 for periodically (left) and non-
periodically (right) arranged Z.
Theorem 1. There exists a constant K0 ∈ (0,∞) depending merely on the dimension d, such
that for any M > 0, δ ∈ (0,M/2], any (M, δ)-equidistributed sequence Z, any measurable
and bounded V : Rd → R, and any real-valued ϕ ∈ W 2,2(Rd) satisfying |∆ϕ| ≤ |(V − E)ϕ|
a. e. on Rd we have (
δ
M
)K0(1+M4/3‖V−E‖2/3∞ )
‖ϕ‖ ≤ ‖Wδ,Zϕ‖ ≤ ‖ϕ‖.
Key words and phrases. unique continuation, uncertainty principle, Delone set, Schrödinger operators,
observability estimate.
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This is a corollary of the proof of the main result of [RMV13], where Schrödinger op-
erators on a sequence of boxes ΛL(0), L ∈ N, are considered. J. M. Barbaroux asked the
question whether [RMV13] holds for operator on the whole space as well. Let us sketch which
modifications are necessary in the proof of [RMV13, Theorem 2.1] to obtain the above result.
Proof. (1) By scaling it suffices to consider M = 1. (2) One does not need to extend ϕ
further, since it is already defined on the whole of Rd. (3) A site k ∈ Zd is called dominant
if ∫
Λ1(k)
|ϕ|2 ≥ 1
2T d
∫
ΛT (k)
|ϕ|2 (1)
with T = 62⌈√d⌉, and otherwise weak. This corresponds to the notion chosen in [RMV13] in
the case of periodic boundary conditions. (4) Estimating the contribution of boxes centered
at weak sites — now the sum is over the infinite set Zd, but all sums are finite since ϕ ∈
L2(Rd) — gives again ‖ϕ‖2 < 2‖χDϕ‖2, where D denotes the union of those boxes Λ1(k)
such that k ∈ Zd is dominant. (5) For a dominating site k ∈ Zd we define the right
near-neighbor by k+ := k + (⌈√d⌉ + 1)e1 and set R := Rk := ⌈
√
d⌉ + yk with yk :=
〈e1, zk+〉− 〈e1, k+〉+1/2 ∈ [0, 1]. Then Θ := Λ1(k) is disjoint from the open ball B(zk+ , R).
On the other hand there exists an a ∈ Λ1(k) with |a − zk+ |2 = R. Thus for any b ∈ Λ1(k)
we have |b− zk+|2 ≤ |b−a|2+ |a− zk+|2 ≤
√
d+R ≤ 2R. Thus Θ ⊂ B(zk+ , 2R) \B(zk+ , R).
(6) Once this geometric condition is satisfied, the proof of Corollary 3.2 in [RMV13] applies.
(7) Hence for every dominating site k ∈ Zd we have
‖χB(zk+ ,δ)ϕ‖
2 ≥ CqUC‖χΛ1(k)ϕ‖2
with the constant CqUC arising from the quantitative unique continuation estimate, i.e.
Corollary 3.2 in [RMV13]. (8) Taking the sum over all dominating sites k ∈ Zd we obtain
∑
k∈Zd dominating
‖χB(zk+ ,δ)ϕ‖
2 ≥ CqUC
2
‖ϕ‖2.
The result follows by using the quantitative estimate of CqUC provided in [RMV13]. 
Remark 2. We use the opportunity to correct a minor mistake in [RMV13]. There, in
the statement of Theorem 3.1 and Corollary 3.2 the geometric condition diamΘ ≤ R =
dist(x,Θ) should be replaced by Θ ⊂ B(x, 2R)\B(x,R). The latter is the property actually
used in the proof. This property is satisfied in the application, i.e. the proof of [RMV13,
Theorem 2.1], as explained in Step (5) above.
Remark 3. While for Schrödinger operators on a box eigenfunctions capture the whole spec-
trum, for analogs on Rd continuous spectrum may exist as well. Thus attention cannot be
restricted to eigenfunctions only, as pointed out in a discussion by G. Raikov. Hence study-
ing unique continuation of spectral projectors (rather than of eigenfunctions) is here even
more important than for operators on cubes, as done in [Kle13] and [NTTV15]. Neverthe-
less there are important classes of potentials (short range or random, for instance) where a
substantial part of the spectrum consists of eigenvalues. C. Rojas Molina pointed out that
in view of the close relationship between proofs in [RMV13] and [Kle13], the latter should
have an infinite volume analogue like Theorem 1 above as well. Indeed we have:
Theorem 4. There exists a constant K1 ≥ 1 depending merely on the dimension d, such that
for all E0,M > 0, all δ ∈ (0,M/2), all (M, δ)-equidistributed sequences Z, all measurable
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and bounded V : Rd → R, and all intervals I ⊂ (−∞, E0] with
|I| ≤ 2γ where γ2 = 1
2M4
(
δ
M
)K1(1+M4/3(2‖V ‖∞+E0)2/3)
,
we have
χI(H)Wδ,ZχI(H) ≥M4γ2χI(H) where H := −∆+ V.
For the proof of Theorem 4 we shall need the following quantitative unique continuation
principle.
Theorem 5. There exists K1 ≥ 1 depending only on the dimension, such that for all M > 0,
all δ ∈ (0,M/2), all (M, δ)-equidistributed sequences Z and all real-valued ψ ∈W 2,2(Rd) we
have (
δ
M
)K1(1+M4/3‖V ‖2/3∞ )
‖ψ‖2 ≤ ‖Wδ,Z ψ‖2 + δ2M2‖−∆ψ + V ψ‖2.
Proof. By scaling it sufficies to consider M = 1. We follow [Kle13, Proof of Theorem 2.2]
and fix ψ ∈ W 2,2(Rd). A site k ∈ Zd is called dominant if Ineq. (1) holds with T = 46√d.
We denote by D the union of those boxes Λ1(k) such that k ∈ Zd is dominant. Then
‖ψ‖2 < 2‖χDψ‖2. For a dominating site k ∈ Zd we define the right near neighbor by
k+ = k + 2e1 and want to apply [Kle13, Theorem 2.1], see also [BK13], with
Ω = ΛT (k), Θ = Λ1(k), x0 = zk+.
Thus, we have to check the assumptions of [Kle13, Theorem 2.1]. We obviously have Q =
Q(x0,Θ) ≥ 1 and Q = Q(x0,Θ) ≤ 3
√
d. (Note that the inequality Q = Q(x0,Θ) ≤ (5/2)
√
d
as written in [Kle13] is not true, e.g. if d = 1.) Hence, for all y ∈ B(zk+, 6Q+ 2)
|k − y| ≤ |k − k+|+ |k+ − zk+ |+ |zk+ − y| < 2 +
√
d+ 6Q+ 2 ≤ 23
√
d = T/2,
and hence B(zk+, 6Q + 2) ⊂ B(k, T/2) ⊂ ΛT (k). Thus, Theorem 2.1 of [Kle13] gives us for
all dominating sites k ∈ Zd
(
δ
Q
)K ′1(1+‖V ‖2/3∞ )
‖χΛ1(k)ψ‖2 ≤ ‖χB(zk+ ,δ)ψ‖
2 + δ2‖χΛT (k)(−∆ψ + V ψ)‖2,
where K ′1 ≥ 1 is some constant depending only on the dimension. Now, summing over
dominating k ∈ Zd we obtain
(
δ
Q
)K ′
1
(1+‖V ‖
2/3
∞ )
‖χDψ‖2 ≤ ‖Wδ,Z ψ‖2 + ⌈T ⌉dδ2
∥∥−∆ψ + V ψ‖2.
Using ‖ϕ‖2 < 2‖χDϕ‖2 we obtain the statement of the theorem. 
We are now ready to prove Theorem 4.
Proof of Theorem 4. We follow [Kle13, Proof of Theorem 1.1]. Without loss of generality
we assume that I = [E − γ,E + γ] with some E ∈ [−‖V ‖∞, E0]. Hence,
‖V − E‖∞ ≤ ‖V ‖∞ + |E| ≤ 2‖V ‖∞ + E0.
If ψ ∈ RanχI(H) is real-valued, we apply Theorem 5 with V replaced by V − E to ψ, and
obtain, by using ‖(H − E)ψ‖2 ≤ γ2‖ψ‖2, the inequality
2M4γ2‖ψ‖2 ≤ ‖Wδ,Z ψ‖2 + δ2M2‖−∆ψ + V ψ −Eψ‖2 ≤ ‖Wδ,Z ψ‖2 + δ2M2γ2‖ψ‖2.
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Using 2M4γ2 − δ2M2γ2 ≥ γ2M4, this proves the theorem if ψ is real-valued. If ψ is
complex-valued we use ‖ψ‖2 = ‖ℜψ‖2 + ‖ℑψ‖2 and ℜψ,ℑψ ∈ Ran(χI(H)), and conclude
the statement of the theorem. 
Given a Schrödinger operator H = −∆+ V with bounded, measurable potential V and
some E ∈ R we call ψn, n ∈ N, a Weyl sequence for H and E if ψn ∈ W 2,2(Rd), ‖ψn‖ = 1,
and ‖(H − E)ψn‖ < 1/n for all n ∈ N.
Theorem 6. For any M > 0, δ ∈ (0,M/2], any (M, δ)-equidistributed sequence Z, any
measurable and bounded V : Rd → R, and any Weyl sequence for H and E we have
1
2
(
δ
M
)K1(1+M4/3‖V−E‖2/3∞ )
‖ψn‖ ≤ ‖Wδ,Z ψn‖ ≤ ‖ψn‖
for n ≥ √2δM(δ/M)−(1/2)K1(1+M4/3‖V−E‖2/3∞ ), where K1 is taken from Theorem 5.
Proof. Theorem 5 with V replaced by V − E gives
(
δ
M
)K1(1+M4/3‖V−E‖2/3∞ )
‖ψn‖2 ≤ ‖Wδ,Z ψn‖2 + δ2M2‖(−∆+ V − E)ψn‖2
≤ ‖Wδ,Z ψn‖2 + (δM/n)2.
For n2 ≥ 2δ2M2δ−K1(1+M4/3‖V−E‖2/3∞ ) we have (δM/n)2 ≤ (1/2)(δ/M)K1(1+M4/3‖V−E‖2/3∞ ).
This finishes the proof. 
In the analysis of random Schrödinger operators Hω = H0+Vω with H0 = −∆+Vper one
often studies finite volume/finite box subsystems. This can be achieved by restricting Hω
itself to ΛL with Dirichlet or periodic boundary conditions. Alternatively, if one is interested
only in energies in the resolvent set of H0, the finite scale approximation HL := H0+χΛLVω
is possible as well, to which the Theorem above applies (under standard model assumptions).
Meanwhile, Theorems 1, 4, and 5 have been extended in [BTV] to variable coefficient
elliptic second oder operators.
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